UNIQUE CONTINUATION FOR SCHRODINGER EVOLUTIONS, 
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AND TRAVELING WAVES 



O ' L. ESCAURIAZA, C. E. KENIG, G. PONCE, AND L. VEGA 

<n : 
^— > . 

, Abstract. We prove unique continuation properties for solutions of the evolu- 

• tion Schrodinger equation with time dependent potentials. As an application 

of our method we also obtain results concerning the possible concentration 

C ~ ) i profiles of blow up solutions and the possible profiles of the traveling waves 

T - H , solutions of semi-linear Schrodinger equations. 

! 1. Introduction 

43 ■ 

. In this paper we continue our study initiated in [5], [5], |10j . and on unique 

S continuation properties of solutions of Schrodinger equations. To begin with we 
consider the linear equation 

(1.1) d t u = i(Au + V{x,t)u), (x,t) €R n X [0,oo). 

■ We shall be interested in finding the strongest possible space decay of global 

[ solutions of (jl.lj) . In this direction our first results are the following ones: 
O ■ 

Q\ . Theorem 1. Let u S C([0, oo) : i 2 (R")) be a solution of the equation (|l.ip with a 

y—l ' real potential V £ L°°(R n x [0, oo)) satisfying that 

(1.2) V{x,t) = V 1 (x,t) + V 2 (x,t), 
\ with Vj) j = 1, 2 real valued, 

V': < L3 > ^^w = { i + \x]^ o< a <i/2, 

, and V% supported in {(x,t) : \x\ > 1} such that 

S ; (1-4) - (d r V 2 (x,t)y < a~ =min{a;0}. 

\x\ 

Then there exists a constant Xq = Ao(||V'||ioo(Rn. x ro i00 )); Ci; c 2 ; a) > such that if 

(1.5) sup / e Xo]x]V \u(x,t)\ 2 dx < oo, with p=(4-2a)/3, 

t>0 JK" 

then 

(1.6) u = 0. 

As an immediate consequence of Theorem Q] we have: 
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Corollary 1. Let u £ C([0, oo) : L 2 (W 1 )) be a solution of the equation with 
a real potential V € L°°(R n x [0,oo)). // 

< L7 » ^^W'TTTW^- 

and for some p > 1 and A > 

(1.8) sup t > I e x °W \u{x,t)\ 2 dx < oo, 
then u = 0. 

Theorem 2. Let u € C([0,oo) : L 2 (R")) be a solution of the equation (|1.1[) with a 
real potential V £ L°°(M. n x [0,oo)) satisfying that 

(1.9) V{x,t) = V 1 {x,t) + V 2 {x,t), 
with Vj, j = 1, 2 reaZ valued, 

(L10) |y ' (M)l ^ = (HNW ' 60 >0 ' 

and V2 supported in {(x,t) : \x\ > 1} such that 

(1.11) -(^fot))- <^g_ a - =min{a;0}. 

Then there exists a constant Xq — Ao(||^||Loc(Rnx[o.oo)); ci\ c 2\ eo) > smc/i that if 

(1.12) sup / e XoM \u(x,t)\ 2 dx < 00, 

t>0 JK« 

(1.13) u = 0. 



Using the results in [5] and [TU] one sees that it suffices to assume that the 
hypothesis (|1.5[) and (I1.12j) in Theorem [T] and Theorem [5] respectively, hold for a 
sequence of times {Tj = T + j L : j € Z + } for some T > and L > 0. 

The hypothesis on the real character on the potential in these theorems is used to 
guarantee that the L 2 -norm of the solution of the equation (jl.ip is time independent. 
However, it suffices to have the L 2 -norm of the solution bounded below for all time 
t € [0,oo) by a positive constant, provided that u(0) ^ 0. Therefore, Theorem [T] 
still holds for potentials V(x,t) which can be written as 

V(x, t) = Vi (x,t) + V 2 (x, t) + V 3 (x, t ) , 

with V\ and V2 as before and V3 complex valued satisfying (jl.3j) and such that 

ll^3||ii([0,oo):L-(R")) = / ||^3(-,*)||oo* < OO. 

Jq 

A similar remark applies to Theorem [2] 

Next, we define the "hyperbolic" or "ultra-hyperbolic" operator 

(1.14) c k = d 2 xl + ... + dl k -dl k+i -...~dl n , fee {2, .,ri-i}, 

and study the linear dispersive equation 

(1.15) d t u = i{C k u + V(x,t)u), (i,i)€l"xl. 
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Nonlinear models with a non-degenerate non-elliptic operator Ck describing the 
dispersive relation arise in several mathematical and physical contexts. For exam- 
ple, the Davey-Stewarson system [5] 



(1.16) 



idtu ± d 2 u + dyU = Cj \u\ 2 u + c 2 ud x <p, t, x, y € 
8*<p±dfo = d x \u\' 2 , 



with u = u(x,y,t) a complex- valued function, ip — ip(x,y,t) a real-valued function 
and Ci, C2 real parameters. The system (|1.16|) appears as a model in wave prop- 
agations [5] and independently as a two dimensional completely integrable system 
which generalizes the integrable cubic 1-dimensional Schrodinger equation [T] . Also 
one has the Ishimori system [13] 



(1.17) 



d t S = SA ± dp) + b(d x cj)d v S + d v <pd x S), t, x, y e 
dl<j>Td 2 y <t> = TlS-{d x Shd v S), 



where S(-,t) : K 2 — > M 3 with ||S|| = 1, S -> (0,0,1) as \\(x,y)\\ -> oo, 
and A denotes the wedge product in M 3 . This model was first proposed as a 
two dimensional generalization of the Heisenberg equation in ferromagnetism. For 
b = 1 the system (|1.17|) has been shown to be completely integrable (see [I] and 
references therein). 

The arguments used in the proofs of Theorems [T][3] do not rely on the elliptic 
character of the laplacian in (jl.ll) , so we have: 

Theorem 3. Theorems\V^ and Corollary^ still hold for solutions u G C([0,oo) : 
L 2 (R™)) of the equation (jl - 15[) with a potential V verifying the same hypotheses. 

Remarks (i) It is interesting to relate our results with those due to V. Z. Meshkov 
in [14]: 

Theorem. Let w £ Hf oc (W l ) be a solution of 

(1.18) Aw + V(x)w = 0, ieR", with V € L°°(R n ). 



(1.19) // / e 2a|x| \w\ 2 dx < oo, Va>0, then w = 0. 

It was also proved in [TJ] that for complex valued potentials V the exponent 4/3 
in (|1.19[) is optimal. 

We observe that if the potential in (jl.ll) V(x,t) is time independent V — V(x), 
then a solution of w(x) of (|1.18l) is a stationary solutions of the IVP (|l.lj) . Also 
for time independent potential V(x,t) = V(x), if w(x) is an Zf ^solution of the 
eigenvalue problem 

(1.20) Aw + V(x)w = (w, 
then one has that for ( e R 

(1.21) v{x,t) = e Kt w{x), 

is a solution of the IVP (11.11) for which Theorems [T][2] apply. As it was mentioned 
above the assumption on the real character on the potential in these theorems is 
only required to guarantee that the L 2 -norm of the solution of the equation (II. ip 
is time independent. In the case described in (|1.20l) - (|1.21[) the solution v(x,t) 
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preserves the L 2 -norm and so the proof of Theorems [IE] can be carried out. Hence, 
taking V 2 = one has the following results which recovers that in [14] mentioned 
above, and improves and generalizes those in [3]: 

Theorem 4. Let w £ H 1 (M n ) be a solution of the equation (|1.20j) with a complex 
potential V £ L°°(R n ) satisfying 

(1.22) V{x) = V 1 (x) + V 2 {x), 

such that 

(1-23) foW*W= {l + W)°>> ' °^ <1/2 ' 

and V 2 real valued and supported in {x £ K" : \x\ > 1} such that 

(1.24) - (d r V 2 (x))- < a- = mm{a;0}. 

\x\ 

Then there exists a constant Xq = Xo(\\V\\L<x(^iny, c%\ c 2 ; ex) > such that if 

(1.25) / e XoMP \w(x)\ 2 dx < 00, with p=(4-2a)/3, 



£/ien 

(1.26) iy = 0. 

Moreover, if (|1.23|) and (|1.24|l feo/ds a > 1/2 and (|1.25[) ZioZds im'i/i p = 1 and 
large A = Ao(||F||z,oc,( R n); ci; a) > 0, then w = 0. 

In [4] under the hypotheses V 2 = 0, (|1.23l) and (|1.25p . but for all A > 0, on the 
complex potential V(a;,t) on Theorem 3] it was shown that the cigenfunction w(x) 
solution of (|1.20l) corresponding to the real eigenvalue £ satisfies w = 0. 

We observe that the conclusion of Corollary Q] applies, i.e. if V 2 = 0, a = 1/2 in 
(|1.23p . and (|1.25l) holds for some p > 1 and Ao > 0, then w = 0. In this direction 
we have the following improvement of the result in Theorem 0] concerning the case 
a = 1/2 in (fl~23l) and ([T24]) . 

Theorem 5. Let w £ H (K") oe a solution of the equation (|1.20[) wi£/i a potential 
V £ L°°(R n ) satisfying 

(1-27) K(ir) = Vi(x) + F 2 (z), 

suc/i £/iaf Vi is complex valued with 
(1.28) ^(aOI < " 



(z} 1 ^ ( 1 + 12.(2)1/4' 
and V2 is real valued and supported in {x £ R n : \x\ > 1} such that 

(1.29) - (d r V 2 (x))- a" = mm{a; 0}. 

PI 

T/ien t/iere exists a constant Xq — Ao(||^||l°°(R"); ci; C2) > such that if 

(1.30) y e XoM \w{x)\ 2 dx < 00, 
then 

(1.31) weO. 
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We observe that Theorem [5] is a stationary result (not a consequence of the time 
evolution results in Theorems [1] and [2J in which the ellipticity of the laplacian in 
(|1.20[) plays an essential role. 

The proof of Theorem [5] will be based in the following Carleman estimate : 

Theorem 6. Let p G (0, 1] and V as in Theorem Then there exists tq — 
tq(p; II VHtx,; Ci; C2) > such that the inequality 

(1.32) r 3 / 2 || \x\-V 2 e T Mgh < l|e T,a;| (Ag + Vg)\\ 2 



holds for any r > t and any g G C^°(R™ — B p (0) ). 

We return to the consequence of our time evolution results. Thus, combining 
Theorem [3] and the comments before the statement of Theorem [4] one has that 
Theorem 2] also applies to the solutions of the non-elliptic eigenvalue problem 

(1.33) C k w + V{x)w = (w, 

with Ck as in (| 1 . 14[) with complex potential V and ( € K. 

We shall employ the above results to study the possible profile of the concentra- 
tion blow up phenomenon in solutions of the initial value problem (IVP) associated 
to the non-linear Schrodinger equation 



(1.34) 



j id t u + Au±\u\ a u = 0, iel", tel, a>0, 
| u(x, 0) = u Q (x). 

We observe that if u(x, t) is a solution of (11 .34)) then for all a > 

(1.35) u a {x,t) = a 2/a u{ax,a 2 t), 

is also a solution of (11.35[) with data u cr (x,0) — a 2 l a uq(x), so 

(1.36) \\D s u a (x, 0)|| 2 = «7 a /°- n / 2+ '||U*uo||2, 

where D s f(x) = (|^| s 7) v (x), s£i Thus, if s a /2 - 2/a the size of the data does 
not change by the scaling and one says that 

(1.37) H n/2 - 2/a (W n ) = D n/2 ~ 2/a L 2 (W n ), 

is a critical space for the IVP (|1.34p . The following result concerning the local 
well-posedness of the IVP (|1.34[) in the critical cases was established in [3] . 

Theorem. Let s a /2 — 2/a, s a > with [s a ] < a— 1 if a is not an odd integer, then 
for each uq € H Sa (W n ) there exist T = T(uq) > and a unique solution u — u(x,t) 
of the IVP (fl~34l) with 

(1.38) u € C([-T,T] : i? s »(R")) n L q ([-T,T] : I% a (R n )) = Z S T « . 
Moreover, the map data — > solution is locally continuous from H Sa (JSJ l ) into Z^ a . 

Above we have introduced the notations : 
(a) for 1 < p < oo and seM 

(1.39) LP(R n )^(l-Ay s / 2 L?(R n ), \\ ■ || SjP = ||(1 — A) s ^ 2 ■ \\ p , 
with L 2 s (W l ) = H s (R n ), 
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(b) the indices (q,p) in (|1.38[) are given by the Strichartz estimate [16], [7] : 

(1.40) (f° We^uoWldt) 1 ^ <c\\uo\\ 2 , 

J — oo 

where 

Tl 2 ft 

- = - + -, 2 <p< oo, if n = 1, 2 < p < 2n/(n - 2), if n > 2. 
2 q p 

The pseudo-conformal transformation deduced in [7] shows that if u = u(a;,i) is 
a solution of (|1.34[) . then 

(1.41) v(x,t) = e uf-E—l^L), u9-urf = l, 

\V + LOt) n l 1 \U + Lot V + Lot J 

satisfies the equation 

(1.42) id t v + Av±{v + iot) an / 2 - 2 \v\ a v = 0. 

Hence, in the L 2 -critical case a = 4/n the equations (|1.34l) and (|1.42[) are the 
same. Also in this case a = 4/n the pseudo-conformal transformation preserves 
both the space L 2 (K n ) and the space H 1 (R n ) n i 2 (R n : \x\ 2 dx). In particular, if 
we take u(x,t) = e lt <p(x) the standing wave solution, i.e. ip(x) being the unique 
positive solution (ground state) of the non-linear elliptic equation 

(1.43) -Lp + Atp+ |v3| 4 /> = 0, xeR", 
it follows that 

e »t/(i-t) e -i\x\ 2 /i(l-t) / 
( L44 ) v(x,t) = - — To ld 



(l-<)"/2 *\l~t, 

is a solution of (|1.34p with a = 4/n and + sign in the nonlinear term (focussing 
case) which blows up at time t = 1, i.e. 



and 



lim||Vu(',t)||a = oo, 



lim |i>(-, t)| 2 = cS(-), in the distribution sense. 



Since it is known that positive solutions of the elliptic problem (11 .43|) (in partic- 
ular the ground state) have exponential decay (see [TS], [2]), i.e. 

ip{x) ~ bie- b ^, h,b 2 >0 ) 
the blow up solution v(x,t) in (| 1 .44[) satisfies 

(!-45) Hx,t)\< ^-l^Q^), te(-l,l), 

with Q(x) = &j e- 62 ' 35 !. One may ask if it is possible to have a faster "concentration 
profile" in a solution of (|1.34l) with a = 4/n than the one described in (ll.45[) . In 
other words, whether or not (ll.45|) can hold with 

(1.46) Q{x) = b ie - b2 ^ P , h,b 2 >0, p>l, 
or 

(1.47) Q(x) = b 1 e- b *W, 
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with 63 sufficiently large. More generally for a > 4/n one may ask if a blow up 
solution v(x,t) of (| 1 . 34[) can satisfy 

(!-48) \v(x,t)\ < ^ ^ 2/a Q ' ^C" 1 ' 1 ). 

with Q(-) as in (jl.46l) or as (|1.47l) . Our next result shows that this is not the case. 

Theorem 7. Le£ a > 4/n. Le£ u G C((-l, 1) : iW 2 - 2 / Q (R' 1 )) 6e a solution of the 
equation (|1 .34[) . // (jl.48|) /10/ds toztft. Q(-) as in (|1.46p /or some p > 1 and 62 > 
or as (|1.47p . i/ien u = 0. 

In [T2] we establish the result in Theorem [7] for a — 4/n and p > 4/3. 
Now we consider the equation in (|1.34[) with the operator describing the disper- 
sive relation Ck as in (jl.151) being non-degenerate but not elliptic 

(1.49) id t u + £ k u±\u\ a u = 0, a > 0. 

In this case, the local well-posedness theory is similar to that described above for 
the IVP (|1.34p . This follows from the fact that the local theory is based on the 
Strichartz estimates in (|1.40j) which do not require the ellipticity of the laplacian, 
i.e. (|1.40[) holds with Ck instead of A. Hence the results in [3 still holds for the IVP 
associated to the equation in (jl.49j) . In addition, in this case the pseudo-conformal 
transformation tells us that if u = u(x, t) is a solution of (|1.49p . then 

1.50 v(x,t)= u I — - , — — — - J , v0-uj=l, 

with 

(1.51) Q k (x) =xl + .. + x 2 k - x 2 k+1 - .. - x\ , 
verifies the equation 

(1.52) id t v + C k v ± (1/ + ujt) an / 2 ~ 2 \v\ a v = 0. 
Hence, as in Theorem [7] we have: 

Theorem 8. Let a > 4/n. Let v G C((-l, 1) : H n / 2 - 2 / a (W 1 )) be a solution of the 
equation in (|1.34[) . If u satisfies p.48p with Q(-) as in (|1.46p or as (|1.47p . then 
u = 0. 

It should be remarked that the result in Theorem [S] is a conditional one. It 
assumes that the local solution of the IVP associated to the equation (|1.34p blows 
up (see p.48p ) which is a open problem. 

We will adapt our results in Theorems [T] and [5] to study the possible profile 
of "generalized traveling wave" solutions of a class of equations containing those 
in (TOi)) and ([Tig"]) , (see ([135)1 and (TT30")) below). Roughly, these are solutions 
u(x,t) for which there exist fi G R and e G S™^ 1 such that the L 2 (M™)-norm of 
u(x — fit e.t) remains highly concentrated at the origin for all time t > 0, see (|1.54p 
and (|1.57p below. 

Corollary 2. Let u G C([0,oo) : L 2 (W 1 )) be a solution of the equation (jl.ip or the 
equation (|1 . 15|) with a real potential V G L°°(R n x [0, 00)). 
(a) If there exist [i G K and e£ §' i_1 smc/i i/iai 

(1-53) 1^,4)1 <__ 1 _^-_^, 

(1 + \x + fite \ z ) a l z 
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for some constants c\ > and a £ [0,1/2). Then there exists Ao(||^||l°°(r™ x[o,oo)); c ij 
such that if 

(1.54) sup / e >*\*+i***\' \u(x,t)\ 2 dx < oo, with p=(4-2a)/3, 

t>0 JB™ 

(1.55) tt = 0. 

f&) If there exist /igR and e£ suc/i ttai 

(L56) + + 60 >0 ' 

/or some constants c\ > 0. TTierc i/iere exists Ao(||V||ioofiR»x[Q,oo)); ci; a) > such 
that if 

(1.57) sup / e X(, \ x+ ^ tS \\u{x,t)\ 2 dx <oo, 

t>0 JB" 

then 

(1.58) u = 0. 

As in Corollary [T] we remark that if (|1.53[) holds with a = 1/2 and (|1.54[) holds 
for some p > 1 and A > 0, then u = 0. 

Finally we shall consider the semi-linear equations of the form 

(1.59) d t u = i{Au + F(u,u)u), 
and 

(1.60) d t u = i(C k u + F(u,u)u), 

with C k as in (TL14"|) and F : C 2 -> R (real valued), F(0,0) = 0, and such that 
there exists M > and j <E Z + such that 

(1.61) \F(z,z)\<M(\z\ + \ Z y). 

As a direct consequence of Theorems [T] and [2] Corollary [2 and an appropriate 
version of the Galilean invariant property for solution of the equations (|1.59[) and 
(|1.60p we shall establish the following result: 

Corollary 3. Let u e C([0, oo) : L 2 (R")) be a solution of the equation (|1.59l) or 
the equation (jl.60p . If there exist and e £ shc/i £/ia£ 

(1.62) \u(x,t)\ <Q(x + /j,te), Vie M™, t > 0, 
im'f/j Q(-) as ot (|1.46[) for some p > 1 or as in (|1.47[) . i/ien u = 0. 

In [6 it was proved that the equation (jl.60l) with a non-elliptic operator does 
not have nontrivial (travelling wave) solutions of the form 

u(x,t) = e iut (p(x + /j,te), /i£M, eeS"" 1 , 

with ip e H\R n ) n Hf oc (R n ). 

The rest of this paper is organized as follows. Section 2 contains the details of 
the proof of Theorem [T] in the case V2 = (the proof of Theorems [3l [4j [7l and 
HI and Corollaries [5] and [3] follows this approach) and the modifications needed in 
this proof to obtain the general case. The modifications of this argument required 
to establish Theorems [5] will be given in section 3. Also section 3 contains some 
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remarks on the proof of Theorem [3l Theorem [7] will be proved in section 4, and 
the proofs of Corollaries [2][3] will be outlined in section 5. Finally, Theorems [5] and 
[5] will be proven in section 6. The appendix is concerned with the existence of the 
functions <p used in the proofs of Theorem [1] and Theorem [2] 

2. Proof of Theorem [1] 

We begin with two preliminary results. Let S be a symmetric operator indepen- 
dent of t. Let A be a skew-symmetric one. 

Proposition 1. For any Tq, Ti G K, To < T% and any suitable function f(x,t) 
one has 



f 1 f [S;A]f fdxdt+ f ' f \Sf\ 2 dxdt 
< f 1 f \dtf -{S + A)f\ 2 dxdt 

JTn J 



Sf{T 1 )f{T 1 )dx\ + | / Sf(T Q )f(T Q )dx\. 
Proof. Since S is independent of t one has 

d t (Sfj) = (d t f,sf) + (Sf,d t f) 

= (dtf -(S + A)f, Sf) + (Sf, d t f -(S + A)f) 
{ ' } +((S + A)f,Sf) + (Sf,(S + A)f) 

= 2 n(d t f -(S + A)f, Sf) + 2(5/, Sf) + (ISA - AS]f, /). 

Thus, integrating in the time interval [T ,Ti] it follows that 



f \[S;A]fJ)dt + 2 f \sf,Sf)dt 
= -2 f 1 (dtf - (S + A)f, Sf) + (Sf, f) \ll . 



'To 

Then, using that 2ab < a 2 + b 2 we obtain (f2~l) . □ 

Next, for a fixed T G K we define rj : [T - 1/2, T + 1/2] ->• M as 
i 7 (t) = (i-(T-l/2))((T + l/2)-t), 
so r)(T- 1/2) = n(T + 1/2) = and for any t G [T - 1/2, T+ 1/2] 

< 77(0 < 1/4, W(t)\<l, v"(t) = -2. 
Proposition 2. For any T > 1/2 one ftas 

[ V (t)(\Sf\ 2 + [S;A}fJ)dxdt+ [ [ \f\ 2 dxdt 

T-l/2 J JT-1/2 J 



( 2 - 3 ) f T +1/2 



< 8 [ [\d t f-(S + A)f\ 2 dxdt + 8 1 f \f\ 2 dx\ T T ^ 
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Proof. Since 

d t (f, f) = {dtf, f) + (f,d t f) 
= (dtf - (5 + A)f, f) + (/, d t f -{S + A)f) 
[ '' +((S + A)f,f) + (f,(S + A)f) 

= 2R(d t f-(S + A)f,f) + 2(Sf,f), 

multiplying by rf{t) and integrating in the time interval [T — l/2,T+l/2] one gets 

rT+1/2 

-2 / v '(t)(SfJ)dt 

(2.5) T ' 1/2 

= 25R f (dtf-(S + A)f,fW(t)dt- f d t (f,fW(t)dt. 

JT-1/2 JT-l/2 

Integration by parts gives 

(2.6) - [ T+1/2 d t (f, fW(t)dt = -(f, + [ T+1/ \f, f)v"(t)dt 

JT-1/2 JT-1/2 

and 

(2.7) -2 / r]'(t){Sf,f)dt = 2 [ r](t)dt{Sf,f}dt. 

JT-1/2 JT-1/2 



We recall that from (|2.2j) one has 
(2.8) d t (Sf,f) =2R(d t f - (S + A)f,Sf)+2(Sf,Sf) + ([S;A]f,f), 



(2.9) 



so inserting ()2.8[) into (J2T7J) , and the result together with (|2.6|) into (|2.5|) it follows 
that 

r T+l/2 pT+1/2 

r,(t)(Sf,Sf)dt + 2 / »?(*)< [5; ^4]/,/)* 

lT-l/2 JT-1/2 

: -45R / T+V2 - (S + A)f, Sf)dt 

JT-1/2 

+ 2 5ft [ T+1/ \d t f-(S + A)fJW(t)dt 

JT-1/2 

- (/, fWit)^ 2 + [ T+1/ \f, fW'(t)dt, 

JT-1/2 

which combined with the properties of the function r\ and Cauchy-Schwarz yields 
the estimates (|2.3j) . 

□ 

Proof of Theorem [1] case Vi = 0. 

We fix a e [0, 1/2) and p = (4- 2a)/3 £ (1,4/3]. Let y> = ^ be a C 4 , radial, 
strictly convex function on compact sets of R", such that 

ip(r) = r p + /?, for r = \x\ > 1, 

(2.10) ¥?(0) = 0, tp(r) > 0, for r > 0, 

3A/>0 s.t. tp(r)<Mr p , Vre[0,oo). 
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The existence of such a function ip — ip p will be discussed in the Appendix, part 
(a). 

We recall that 

<*•»> cv = ^(s?) + ^(^-a?). 

Therefore, 

(2.12) VcpD 2 tpV<p = dMdrV) 2 = "O^, ^ r = \x\> I, 
and 

(2.13) D 2 ip>p(p-l)r p - 2 I, for r = \x\ > 1. 

Let f(x,t) = e X(p ^u(x,t) where u(x,t) is a solution of the IVP (jl.ip so 

(2.14) e^(9 t - ? A) M = e A ^(d t - iA){e~^f) = 0J - 5/ - Af, 
where S is symmetric and A skew-symmetric both independent of t with 

(2.15) S = -i\(2Vtp-V + Acp), A = i(A + \ 2 \Vtp\ 2 ), 
so that 

(2.16) [S; A] = -A((4V ■ D 2 (pV ) - 4\ 2 VipD 2 ipV(p + A 2 cp). 

We divide the proof into three steps: 
Step 1 : If 

(2.17) sup / e XM "\u(x,t)\ 2 dx <c x , p=(4-2a)/3. 
t>o J 

Then there exists {Tj : j e Z + } with Tj j" oo as j f oo such that 

(2.18) sup / IS/ts.TjJfda^CA, 
where 

/ = e^(x,i), 

>S as in (|2.15[) . and c\ denoting a constant depending on c\ in (|2.17[) . A, || V||oo and 
V- 

Proof of step 1 : We combine Proposition [2] with (|2.16j) passing the term involv- 
ing A 2 ip to the right hand side and using that the rest of the commutator in (|2.16[) 
is positive to obtain 

i-T+l/2 r r T+l/2 



[ [\Sf\ 2 r,(t)dxdt<8( f f \d t f -Sf -Af\ 2 dxdt 

r2 m 7t- V2 J Jt-u, J 

A|| AVlloo / / l/| 2 ^t + I / l/| 2 cfe|T±i/2 I) = B - 

<J ± — 1/2*/ *J 



/T-l/2 

We use that 

e^{d t - iA)u = dj -Sf- Af, (d t - iA)u = iVu, 
to bound the right hand side of (|2.19p as 

(2.20) B <c(A|| AVlloo + sup sup / e 2 ^\u( Xl t)\ 2 dx < c A . 

t>0 t>0 J 
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Inserting this in {2719} and using that rj(t) > 3/16 for t G [T - 1/4, T + 1/4] one 
gets that 

c x > / \Sf\ 2 r]dxdt > / / \Sf\ 2 rjdxdt 

JT-l/2 J Jt-1/4 J 



3 

> — 
- 16 



T-l/2 J JT-1/4 
r T+l/4 r o r 

J t ^ J \Sf\ 2 dxdt>-J \Sf(x,T*)\ 2 dx, 



1/4 

for some T* G [T — 1/4, T + 1/4]. Hence, we can find a sequence {Tj : j e Z + } 
with tj j" oo an j t 00 such that 

(2.21) sup / |5/(x,T,)| 2 dx<c: A . 

Step 2 : There exists Ao > such that if A > Ao, then for any j E Z + , 

fTj p p 2\ V {x) I ( f \\2 

(2.22) / / M l_ 3 p' dxdt - dx uniformly in j G Z+. 



ri 



Proof of step 2 : A combination of Proposition [T] the conclusion of step 1, and 
our hypothesis leads to 

(2.23) J 3 J [S;A]fJdxdt < J ' J \e Xip Vu\ 2 dxdt + c x . 
From our hypothesis (|2 . 10[) on ip one has that 

v v i?Vvp>-j-i_^, N >i, 

(2.24) c |X| 

|AVWI < ™ g K". 



Thus, from our decay hypothesis on the potential (|1.3|) it follows that there exists 
A > such that if A > A and |x| > 1, then 

(2.25) 2\ 2 \7tpD 2 ipVip + A 2 ip - \V\ 2 > 



4-3p ' 

Next, for any e G (0, 1) we consider the domain {x : e < \x\ < 1}. In this set we 
have that 

(2.26) VcpD 2 tpVif > c v>e , for e < |a;| < 1. 
Therefore, for large enough A > A e 

(2.27) \ 2 V(pD 2 ipV(p + A 2 (p — \V\ 2 > A, for e < \x\ < 1. 
Hence from (|2~23|) 

4A j 3 j \7fD 2 (p\7jdxdt + 2X 3 f J f \7ipD 2 ip\7(p\f\ 2 dxdt 

(2.28) JTl 7 ] l) 7 

< c A + d (A||AVl|oo + ||F||i) f 3 f \f\ 2 dxdt. 

JTi J\x\<t 
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In the domain {x : |x| < e} we shall use that ip is strictly convex in r = \x\ < 2 
to get from (|2~28|) that 

4c y A f ' { \\7f\ 2 dxdt + 2X i f 1 [ \7ipD 2 tp\7ip\f\ 2 dxdt 

(2.29) Jti 7| ^ 2e J £ J 

<dx + c' (A||AVlU + WVWl) f 1 [ \f\ 2 dxdt, 

JTx J\x\<tL 

with Cip and c' independent of e € (0,1]. Now, we pick 9 £ C°°(M. n ) such that 
9(x) = 1 for \x\ < e with supp9 C {a; : |x| < 2e} and use Poincare's inequality to 
get that for each t £ [Ti,Tj] 



(2.30) 



\f\ 2 dx< \9f\ 2 dx<c v e 2 \V(9f)\ 2 dx 



\x\<e J\x\<2e ^M<2 

<c v e 2 [ \\7f\ 2 dx + c v [ \f\ 2 dx. 



l\x\< 

Fixing e sufficiently small and then A large enough it follows from this that 



(2.31) 



A / 3 / VfD 2 tpVfdxdt + \ 2 [ ' [ \f\ 2 dxdt 

JTx J JTx J\x\<l 

+ A 3 J ° J VtpD 2 tpVip\f\ 2 dxdt < ex. 



In particular, for Ao > A sufficiently large we have 
f T i f I/I 2 

(2.32) / / dxdt < ex, uniformly in j € Z+, 

JTi J \ x ) p 

which completes the proof of this step. 

We fix A = Ao above for the rest of the proof. 
Step 3 : u(x, t) = 0. 

Proof of step 3 : On the one hand, since the potential V = V(x,t) is real, then 
the L 2 -norm of the solution u(x, t) of (|1.1[) is preserved, i.e. for all t G M 

IK,*)|| 2 = |NI| 2 . 
On the other hand, from step 2 inequality (|2.22j) one has 



2 



(T j -T 1 )\\u \\i = J J \u(x,t)\ 2 dxdt 

rT 3 r P 2A V 

Hx,t)\ 2 ^z^{^ P e- 2Xv dxdt 



< sup(( a ;) 4 ^ e " 2 ^) / / \ u (x,t)\ 2 TTI ^-dxdt<Zx , 



which completes the proof of Theorem [1] in the case V% = 0. 
Proof of Theorem Q] general case. 

The argument is similar to that presented above in the case V2 = 0, so we sketch 
it. The step 1 is similar so it will be omitted. In the step 2 we divide the potential 
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V(x,t) as in (|L2jt . 

V(x,t)=Vi(x,t) + V 2 (x,t), 

and define 

(2.33) S = -i\(2\7p • V + Ap), A = i(A + V 2 + A 2 |V</>| 2 ), 
so that 

(2.34) [5; -4.] = -A((4V- D 2 ipW )-4\ 2 VipD 2 p>V<p+A 2 (p)+2\V<p-VV 2 = D x +D 2 . 

We notice that D\ is similar to the term handled in the proof of Theorem [1] in 
the case V 2 = 0, and that since p is radial and convex one has 

(2.35) D 2 = 2XVp ■ W 2 = 2\d r ifd r V 2 > 2\d r p>{d r V 2 )~~ . 

Thus, from our decay hypothesis on the potential it follows that there exists 
Ao > such that if A > Ao and \x\ > 1, then 

(2.36) 2\ 2 V<pD 2 tpV(p + A 2 <p- \Vx\ 2 + 2d rV {d r V 2 )- > * . 

\X) 

For |x| < 1 we apply the argument in the proof of Theorem Q] in the case V 2 = 0. 
Therefore combining these estimates we obtain the proof of the step 2 : There exists 
Ao > such that if A > Ao, then for any j e Z + 

(2.37) / / ' p n dxdt < c x independent of j G Z+. 

JTx J \ x ) p 

Once (|2.37l) has been established the rest of the proof follows the same argument 
given in the step 3 of the proof of Theorem [T] in the case V 2 = 0. 

3. Proofs of Theorem [2] and Theorem [3] 
Proof of Theorem [2] case V 2 = 0. 

We shall follow the argument provided in the proof Theorem[T] A main difference 
is the choice of the function ip in (|2.10[) . In this case we take <p G C 4 to be a radial, 
strictly convex function on compact sets of K", such that 

(3.1) rtr) = 3r-j^ T — j— + ft r = \x\ > 1, 
so 

(3.2) ^(x) = 3-— 1 , S ^ip{x) = - r —^ rj, r = \x\>l, 

1 + log r r(l + log r) 1 

and 

<p(0) = 0, <p(r) > 0, for r > 0, 
^ 3 ' 3 ' ) 3M>0 s.t. tp(r)<Mr, Vre[0,oo). 

The existence of such a function ip will be proven in the Appendix, part (b) . Since 

(3.4) D\ = dip {^f) + 9 -f (8 ik - , 
for \x\ > 1 one has 

(3.5) \7pD 2 pS7<p = d 2 <p(d r ip) 2 > ' 



r (1 + logr) 2 ' 
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and 

(3.6) D 2 ip > d 2 r tp{x)I. 

The step 1 is similar to that in the proof of Theorem [U with the appropriate 
modihcations, hence we shall start with step 2. 

Step 2 : There exists Aq > such that if A > Aq , then for any j 6 Z + 



(3.7) / / , . — T~b^ — dxdt < c\ independent of j e 1^ 

J T J (x) (log (a;)) 2 



t — — — TTv5 — dxdt < c\ independent of j € 7 + 

Proof of step 2 : A combination of Proposition [TJ the conclusion of step 1, and 
our hypothesis leads to 

(3.8) J ' J [S;A]fJdxdt < J ' J \e Xv Vu\ 2 dxdt + c A . 

From our assumptions on cp it follows that 

(3.9) |AV(a:)| < JL, Viei". 

Using the decay hypothesis on the potential (jl.101) one has that there exists A > 
such that if A > A and \x\ > 1, then 

(3.10) 2\ 2 VtpD 2 (pVip + A 2 <f- \V\ 2 > 



r (1 + logr) 2 ' 
Thus, from (pTgfl and A >> 1 

4A / ' 3 I V ^ D2 ^ V ^ dxdt + 2X3 J J J V<pD 2 <pV<f\f\ 2 dxdt 

(3.11) <c x + c(\\\A 2 ^\\ 00 + \\V\\ 00 ) [ 3 [ \f\ 2 dxdt 

JTi J\x\<1 

<cx + c\ [ ( \f\ 2 dxdt. 

JTi J\x\<1 

Next, for a fixed e £ (0,1) we consider the domain {x : e < \x\ < 1}. In this 
region 

(3.12) VtpD 2 tpV<p > c v>e , for e < |x| < 1. 
Therefore, for large enough A > A e 

(3.13) \ 2 VipD 2 tpV(p + A 2 tp — \V\ 2 > A, for e < \x\ < 1. 
Hence 

4A j ' j \7fD 2 tp\7jdxdt + 2X 3 f ' f \7ipD 2 ip\7(p\f\ 2 dxdt 

(3.14) JTl 7 T . JTl 
< c A + c' A / / \f\ 2 dxdt, 

JTi J\x\<€ 
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with d independent of e e (0, 1]. In the domain {x : \x\ < e} we shall use that tp 
is strictly convex in r = \x\ < 2 to get from (|3. 1 1|) that 

2c v A [ 3 ( \Wf\ 2 dxdt + A 3 [ 3 [ \7ipD 2 ip\7(p\f\ 2 dxdt 
(3.15) JTl J]xl % JTl J 

< cx + c'X I 3 I \f\ 2 dxdt, 

JTi J\x\<e 

with c<p and d independent of e € (0, 1]. Choosing £ C°°(IR n ) such that 9(x) = 1 
for \x\ < e with suppO C {x : \x\ < 2e} and using Poincare's inequality to get that 
for each t £ [T±,Tj] it follows that 



(3.16) 



\f\dx< \0f\ 2 dx<c v e 2 \\7{9f)\ 2 dx 

\x\<e J\x\<2e J \x\<2e 

<c v e 2 [ \\7f\ 2 dx + c v [ \f\ 2 dx. 

J\x\<2e Je<\x\<2e 



Gathering the above estimates by fixing e sufficiently small and then A > A large 
enough one concludes that 



(3.17) 

+ A 3 

It, 



A / 3 ( VfD 2 tpVfdxdt + \ 2 j 3 j \f\ 2 dxdt 
+ A 3 J ° J \7(pD 2 ip\7(p\f\ 2 dxdt < c x - 



In particular 

f T ' f l/l 2 

(3.18) / / , ; — , .. n dxdt < c\, independent of j € Z+, 

J Ti J (x)(\og(x)) 2 

which completes the proof of the step 2. 

We fixed A = Ao above for the rest of the proof. 
Step 3 : u(x, t) = 

Proof of step 3 : On one hand, since the potential V = V(x,t) is real, then the 
i 2 -norm of the solution u(x, t) of (|1.1|) is preserved, i.e. for all t € M 

IM>t)l| 2 = IMU- 

On the other hand, from step 2 (|3.7p 
(T J --T 1 )||uo||l= / ' J \u{x,t)\ 2 dxdt 

\u(x,t)\ 2 — „_,_^ 2 (x) (log(x)) 2 e~ 2X v dxdt 



(x) (\o g (x)y 



Tl j (x)(log(x)) 2 

< sup ((x) (log(x)) 2 e- 2 ^) / / \u(x,t)\ 2 —^ 373^ dxdt 
iei" Jti ' 



< CA , 

which completes the proof of Theorem [5] in the case Va = 0. 

The proof in the general case follows the same argument already explained in 
the proof of Theorem [T] so it will be omitted. 
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Proof of Theorem [3l 

The only differences with the previous cases are following computations: 
S = -i\(2V<p ■ V + C k ), V = (d xl ,..,d Xk ,-d Xk+1 ,..,-d Xn ), 
A = i{C k + A 2 ((9 X1 ^) 2 + .. + (d Xk <p) 2 ~ (d Xk+1 ^) 2 - (d XnV >) 2 ), 

so 

[<S; A] = -A((4V • D 2 tpV) - 4\ 2 V<pD 2 tpVtp + £ k £ k tp. 
Hence, the method of proof used in Theorems for the elliptic case C k — A can 
be applied to obtain the same results in this non-degenerate case. 

4. Proof of Theorem [7] 
The conformal transformation (|1.4ip with v = oj = 8 = 1 and 7 = tells us that 

(4.1) w(x,t) = e ^l 2 / 4 ( 1+t ) v(— , -^-), 

v ' y ' ' (1 + t) n / 2 1 + t 1 + t J 

solves the equation 

(4.2) id t w + Aw ± (1 + t) an ' 2 ~ 2 \w\ a w = 0, 

in the time interval t g [0, 00). Thus, from the hypotheses (|1.45l) it follows that the 
solution w{x, t) satisfies 



\w(x,t)\ 



(l+*)»/2 

(4.3) 



x t 



1 1 



" (1 + t)»/a (1 - j^f/a Q [ 1 - ^ J (i + t)»/a-a/. 0(a;) - 
Since the potential F(x, i) has the form 

V{x,t) =±{l + t) an / 2 - 2 \w{x,t)\ a , 
from (14.31) one sees that it verifies that 



(4.4) \V(x,t)\ < (1 + tr/ 2 - 2 ( (1 + t) l /2 _ 2/Q ) a Q» = Q a (x). 

Therefore, since a > 4/n > from our hypothesis (|1.46|) or (|1.47|) it follows 
that the potential in (I4.2[) satisfies the hypothesis in Theorem [T] and Theorem [2] 
with V2 = 0. Since the L 2 -norm of the solution w(x,t) is preserved for all t > 0, 
Theorem Q] and Theorem [2] yield the desired result. 

5. Proofs of Corollaries [2] and Corollary [3] 
Proof of Corollary H 

We observe that if u(x,t) solves the equation in then 

(5.1) w(x,t) =u(x- [ite,t)e l ^ x - s -^\ 
is a solution of the equation 

(5.2) d t w = i(Aw + V(x - fite,t) w). 
Thus, from hypothesis (|1.53[) and fll -56[) the potential in (|5.2p 

(5.3) W{x,t) = V{x-/j.te,t) 
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satisfies the conditions on Theorems Q] and [2j respetively. Therefore, they can be 
applied to the equation (|5.2j) to obtain the result. 

In the case of the equation (|1.15[) the transformation (|5.1I) reads 

(5.4) w{x, t)=u{x- l xt e, t) e^m- — ) | 
with 

(5.5) e(k) = (ei,..,efc, -efc+i,.., -e n ), if e = (e x , e n ), 
and Qfe as in (|1.5ip . The function w(x,t) satisfies the equation 

(5.6) dtw = i(CkW + V(x — /i t e, t) w). 
Hence, the potential 

(5.7) W{x,t) = V(x-iMte,t) 

and the solution w{x,t) of (|5.6[) satisfies the requirements in Theorem [3l 
Proof of Corollary [3] 

If u(x,t) is a solution of the equation (|1.59j) 

d t u = i(Au + F(u,u) u), 

then 

(5.8) v(x,t) = u(x- ntS,t)e i ^"- s -^, 
satisfies the equation 

(5.9) d t v = i(Av + Fie'^^-^v, e^^'^v) v). 
So in this case from the hypothesis on F(z,~z) the potential 

(5.10) W(x,t) = F{e-^ x - s -^ Vl e^ x - s -^v), 
verifies that 

\W{x,t)\ < M{\v{x,t)\ + \v(x,t)\ j ) = M(\u(x-2fj,et,t)\ + \u(x - 2fi et, t)\ j ). 

Thus, the assumption (|1.62l) guarantees that we can use Corollary Q] and Theorem 
[2] to achieve the result. 

In the case of the equation (|1.60[) 

d t u = i(£ku + F(u,u)u), 

one just needs to define v(x, t) as 

(5.11) v(x,t) ^ u(x - ^te,t) e l ^ x - s ^~ lil ^ kl£1 \ 

with e(fc) as in (15.51) and Qk as in (|1.51l) . Since v(x,t) solves the equation 

(5.12) dtv = i{C k v + F{e- i ^ x ^-^^\e i ^ x ^- ! ^^h)v), 

one just needs to follow the argument given in the case of the equation (|1.59[) to 
obtain the desired result. 
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6. Proofs of Theorem [5] and Theorem [6] 
Proof of Theorem |6l 
We have 

e^l^A + V^e-^W = S + A, 

where 

(6.1) 5 = A + V2 + t 2 , A = -^-A2x-V + n-l), 

PI 

Hence, the commutator of S and A is 

[S;A] = -Ar dj -A- ^R, ) + ^ ("-1K"- 3) , 
\x\ \x[ } Ix]* 

Let g e CS°(R n \Bp) and set / = e T ^g. Then, 

||e'l*l(A + y 2 ) ff ||! = Ml + / [S;A]fJdx 



Td r V 2 . 



(6.2) 



with d r f — |fy • V/ and 



= \\sff 2 + \\Afg + r f ± (\vf\ 2 -\a r ff 

'(n-l)(n-3) 



+ s r y 2 |/| 2 cb, 



(6.3) 



p/|| 2 = r ||2a,./ + f\\ 2 > ^ PM + ^/ lb 

>2^||^/|| 2 -V^("-l)|||xr 1 /ll2 

>V^IIN- 1/2 5r/||2-V^7p|lkr 1/2 /l|2 



for r > 1 . Combining our hypotheses on the potential ([T727|) - (fTT29]) . (JSHJ) and (JO 
one gets that 

(6.4) ||5/|| a + V^llkr 1/2 V/|| 2 < ||e-l-l(A + V 2 )g\\ 2 + V^/p \\\x\- 1/2 fh- 
Thus using (|6.ip it follows that 



m 5 



dx = 



1 

H 



5//-A//-T/ 2 |/| ; 



dx 



(6.5) 



/ dx - t 1 



n \X\ [2 



A|/| 2 -|V/| 2 + V 2 |/| 5 



dx 



r3t 



S//+|V/| S 



(n-3) l/l 2 
2 H 2 



VM\ 2 



dx. 



The last identity, our hypotheses on the potential (ll.27l) - (ll.29p . (|6 .4|) and the 
Cauchy-Schwarz inequality show that Theorem [6] holds for t > tq with To = 
ro(n, ||F||oo;ci;c 2 ;p). 



Proof of Theorem [51 
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We fix <j> £ C^iW 1 ) such that (f> is positive, with cj)(x) — 1, |x| < 1 and suppcf) C 
{x : \x\ < 2} and rewrite the equation (|1.20j) as 

(6.6) Au + V(x)u - (u = Au + V(x)u = Au + V x {x)u + V 2 (x)u = 0, 
with 

(6.7) V 1 (x)=V(x)-t<j>(x), V 2 (x) = -((l-<j>(x)). 

Thus, Vi, V2 satisfy the hypotheses of Theorems [5] and [6l We shall define 4>l as 

4> L {x)=4>{x/L), L>0. 
Claim : There exist po £ [0,1) and M = M(n) such that 

\\ u \\ 2 LHB in ,A = I \u{x)\ 2 dx 



li 2 (S 4po ) 

(6.8) 



|x|<4p 



<M\\u\\l* {B B , = / \u( X )\ 2 dx. 



' 5po<\x\<10po 

Proof of the claim : Multiplying the equation (|6.6I) by u0 2 p , with p to be de- 
termined and integrating the result one gets 

(6.9) - J \Vu\ 2 4>l p dx + J M 2 (2|V0 5 p| 2 + <f> 5p A<fi 5p )dx + J ®(V)\u\ 2 $ p dx. 
Combining (|6.9p and Poincare inequality one has that 

\u<j) 5p \ 2 dx < (10p) 2 J \V(ufc p \ 2 dx 

(6.10) < (10p) 2 J \Vu\ 2 cj) 2 p dx + c n J \u\ 2 cj) 5p \\7(t> 5p \dx 

<{10p) 2 (c n \u\ 2 dx + \\V\\ oo / \u4>§ p \ 2 dx) + c n / |u| 2 dx. 



Fixing po small enough, depending on the ||^|joo, we establish the claim (|6.8|) . 

Next, we apply Theorem theorem20a to = u& Pt R where <3? £ C yo (M. n ) with 
<f>(x) = 1, 4p < \x\ < R, <f>(x) = 0, |ac| > 2R, $(x) = 0, \x\ < 2p with R > 10 and 
p £ (0, 1) to get that 

r 3 || \x\^ 2 e T ^(u<f)\\ 2 2 < II e Tlxl (A + V)(^)\\l 

(6.11) < 4|| e Tlxl V« • V$\\l + 2 1| e^l uA*)||| 

< 4|| e -M • V$|| 2 + 2c„|| e T N u||i 2((B2R _B R )u( B4 ,-B 2() ))- 
Using integrations by part and the equation (|6.6[) one gets that that 

(6.12) || e r W ■ V$||i < c„(||^||oc + r 2 + - ) || e^l u • V$|| 2 . 
Therefore 

Ax = r 3 || l^r^erN^Hl < ^(Hf lU+^+l ) || e^l u||! 2 ( ( B 2R -B fl )u(B 4p -B 2p )) = 



On one hand one has that 
e T|*L 

| x |l/2 H L2 ( S «- B 2p) - ^ II- "-ll^-^iop-aepj — ~™ ^ 



> r 3 || — — || L 2(B fl -B ap ) > c n — \\e T ^u\\ L 2 (Bwp _ B5p) >c n — e WTp ||u|U 3(Bl0 ,-i 
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On the other hand, 



A 2 < c rl (||V||_ + ^ 2 + ^) e 8 -HI^II| 2{S ^)+^(||^|| 00 + ^ 2 + ^) e 4 ^|| W ||| 2(1?2 ^_^ ) . 

Therefore, fixing p = po as in the claim it follows that 
(6-13) 

< c„(||^||oc + r 2 + ) e 8 ^ || U || 2 L2(B4p) + c„(#||oo + r 2 + I- ) e 4 ^ \\u\\1 2{B2r _ Br) . 

Therefore, for r sufficiently large but independently of R > 10 it follows that 

ll«ll^(B 2fl -B fi )> C ^ 10TP °e- 4 ^h||i 2(B4po) . 
Finally, taking Aq > 2r one has 



(6.14) 

fc=i 



oo> / e 2Ao| " l |u(a;)| 2 dx> V / 

J k=1 J2 k - 1 R<\x 

CO - 

>J2e 2kx ° R / \u(x)\ 2 dx 

k=1 J2 k - 1 R<\x\<2 k 

>J2e 2kRX °e- 2k+lrR e 8r r>°\\ U n 2 - 



<2 k 



e 2X °^\u(x)\ 2 dx 



which gives a contradiction except if ||w|| 2 2( S •> = 0. 



2 k - 1 R<\x\<2 k 

"V(B 4po )' 
L 2 {B ipa ) 



7. Appendix 

Part (a) : We recall that pe (1,4/3]. The aim is to find 
(7.1) ip{r) = a + a x r 2 + a 2 r 4 + a 3 r 6 + a 4 r 8 , re [0,1], 

such that 

¥>(!) = do, <p'(V = di, <p (2) (l)=d 2 >0, 
^ (3) (1) = d 3 <0, <^ (4) (1) = d 4 > 0. 

for prescribed values do,---:<^4 such that </?(0) = and <p is strictly convex for 
r e [0, 1]. Since in Theorem [T]y(r) = r p + (3, r > 1 one has 

do = 1 + jS, di - p > 0, d 2 = pip - 1) > 0, 
d3=p(p-l)(p-2)<0, d4=p(p-l)(p-2)(p-3)>0. 

So we solve the system 

ao + ai + a2 + a.3 + «4 = d = 1 + /3, 
2a\ + 4a 2 + 6a 3 + 8a 4 = di = p, 
(7.4) ^ 2ai + 12a 2 + 30a 3 + 56a 4 = d 2 = p(p - 1), 

24a 2 + 120a 3 + 336a 4 = d 3 = pip - l)(p - 2), 
24a 2 + 360a 3 + 1680a 4 = d A = p(p - l)(p - 2)(p - 3). 
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After some computations one sees that 

fll = ^( 192 ~ 10A p + 18 p 2 ~p 3 )>l "2 = ^rrir(p - 6)(p - 8), 

g\ 6 • lo 2 4 • lb 

Next, we shall see that this </? is convex in r £ [0, 1]. From (17.4[) and (17.5[) one has 

(7.6) ^(l)=p, <^ 2 >(0) =2oi >p, 
so it will suffice to show that 

ip {3) (r) = 24r(a 2 + 5a 3 r 2 + 14a 4 r 4 ) 

(7.7) v(v—2) 

= 24r ^ ■ m > (3(p - 6)(p - 8) - 10(p - 4)(p - 8)r 2 + 7(p - 2)(p - 6)r 4 ) 

has no critical points in (0, 1). After some computations one finds that the discrim- 
inant T> of the quadratic equation (in r 2 ) in (|7.7[) is 

2? = (p - 4)(p - 8) (I0 2 (p - 4)(p - 8) - 84(p - 6) 2 ) 
= 16(p - l)(p - 4)(p - 8)(p - 11) < 0, 

because p€ (1, 4/3). Since </j( 3 ) has no critical points (|7.6[) tells us that y> is strictly 
convex in [0,1]. Taking (3 in (|7.4|l as 

P = 0,1 + d2 + tt3 + a4 — 1, 

it follows that <^(0) = ao = 0. Finally, if </>(r) = r p 

<p(0) = (p'(0) = 0(0) = 0'(O) = 0, (2) (r) = J>(p- l)r p ~ 2 >p(p- 1) re (0,1). 
Thus, there exists Mo > such that 

M p{p- 1) > sup |(^ (2) (r)|. 

0<7'<1 

Finally, taking M — max{Mo] 0} one gets that 

ip{r) < Mr p , Vr > 0, 

which completes the proof. 

Part (b) : As in the proof of Theorem [2] we choose 

r dt 

p(r)=3r- / jfr—.+P* 
Ji 1 + logt 

so in this case we have 

(7.9) d Q = 3 + p, di = 2, d 2 = 1, d 3 = -3, d 4 - 14. 
Solving the system (|7.4I) with these values of (do, d 4 , .., d 4 ) one gets 

(7.10) <p(r) =ao + —r 2 + — r 4 - — r 6 + -^r 8 , r € [0, ll. 
1 y ^ W 96 64 96 24 • 16 ' L ' J 

To show that cp is convex in [0, 1], we consider 

(7.11) ip {2) {r) = -^(103 + 81r 2 - 225r 4 + 119r 6 ), re [0,1], 

48 

and recall that 

(7.12) <P (2) (0) = 103/48, Lp {2) {\) = \. 
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We look for critical points of 

(7.13) ^ (3) (r) = £(27- 150r 2 + 119r 4 ), re (0,1). 

8 

There is only one critical point the point ro € (0, 1] with 



2 _ 150- V(150) 2 - 4- 119-27 _ 150- V9648 
( ' ' °~ 2.119 ~ 238 €l ' 

Since 

(7.15) <fi {2) {r ) > 110/48, 

combining (|7.15|) and (|7.12l) it follows that ip is convex in [0,1]. Finally, taking /3 
in ([73]) such that 

/3 = oi + a 2 + a 3 + a 4 - 1, 

it follows that y(0) = ao = 0. Finally, an argument similar to that at the end of 
part (a) shows 

tp(r) < Mr, Vr > 0, 
which provides the desired result. 
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